Abstract. Fibered automata can be described by their transition diagrams, certain edge-labelled digraphs. We describe digraphs that are unlabelled transition diagrams of fibered automata.
Introduction
Fibered automata were introduced by J. D. H. Smith [7] as certain two sorted algebras. A motivation came from a construction that Ivo Rosenberg used in the proof of his theorem: each clone on a set A may be defined as the set of all operations on A preserving a single relation [6] . Also the Division Algorithm and the Continued Fraction Algorithm can both be modelled by a fibered automaton.
General properties of fibered automata and of the variety of fibered automata were studied in [7] . The lattice of varieties of fibered automata was described in [5] .
Each automaton and fibered automaton can be described as a labelled digraph called a transition diagram. The graph of a fibered automaton is just its unlabelled transition diagram. The aim of this paper is to characterize digraphs which are graphs of fibered automata.
Basic definitions are presented in Section 2. In Section 3, we discuss some properties of digraphs. Next, in Section 4, we prove that a digraph is the graph of a fibered automaton if and only if it each vertex has indegree 1, and outdegree n for some cardinal number n [Theorem 4.1].
We also characterise digraphs that are graphs of fibered automata in particular subvarieties of the variety of all fibered automata. 
Fibered automata
Definition 2.1. [7] A fibered automaton is a two-sorted algebra (S, E, µ, δ, ε) (or briefly (S, E)) with a unary maternal operation δ : S → S, a unary paternal operation ε : S → E, and a binary operation
such that the operation µ and the parent map
are mutual inverses. The set S is called the state space of the automaton, and its elements are called states. The set E is called the event set of the automaton, and its elements are called elementary events. For a state s, the state sδ is called its mother , and the event sε its father.
Recall that an automaton is a triple (S, E, µ), where S is a state space, E is a set of elementary events, and µ : S × E → S is a transition function.
(We forget about final states here.) Such automata can also be considered as two-sorted algebras, with the sorts S and E and the binary operation µ.
We say that an automaton or a fibered automaton is non-empty, if both of its sorts are non-empty. Definition 2.2. A transition diagram of a non-empty automaton (S, E) is a digraph on the vertex set S whose edges are labelled by the elementary events. For each s ∈ S and e ∈ E there is a directed edge s e −→ se. Each fibered automaton is obviously an automaton. Each automaton with an empty state space is a fibered automaton. However, in the case of a fibered automaton there is only one arrow to each state. This makes the algebraization above possible. All fibered automata form a variety. This variety is denoted by A and defined by the following identities:
(See [7] .) The subvarieties of A of fibered automata with non-empty state space can be briefly described as follows. (Here x, y, .. denote variables of the state sort, and a, b, .. of the event sort.) Let P 0 denote the variety of fibered automata defined by the identity a = b [5] . Fibered automata in this variety are called permutational [7] fibered automata. The event set of a permutational fibered automaton has exactly one element. For n ∈ Z + , let us denote by A 0 n the variety of fibered automata defined by the identities xδ n = x and a = b. Then A 0 0 is the variety of trivial fibered automata, defined by the identities x = y and a = b.
Digraphs
Let C n , for n ∈ Z + , denote a directed cycle of length n, e.g. Let C ∞ denote an infinite directed chain. Definition 3.1. Let ν and κ be a cardinal numbers. A digraph is called ν, κ-regular if each vertex has indegree ν, and outdegree κ.
Note that directed cycles and chains are 1, 1-regular digraphs.
Definition 3.2. We call a digraph an n-ary tree if it is a weakly connected digraph without cycles, in which each vertex, except at most one called the root, has indegree 0. The root has indegree 0. Moreover each vertex has outdegree n or 0. Vertices with outdegree 0 are called leaves. We call an n-ary tree an unlimited tree if the tree has neither a root nor leaves.
Note that an unlimited n-ary tree is exactly a 1, n-regular tree. We will call an unlimited n-ary tree just an n-ary tree. Example 3.3. In Figure 3 we present part of a ternary tree Example 3.5. In Figure 4 we present part of a binary park with girth 4. P r o o f. Let (s 0 , s 1 , . . . , s n−1 , s 0 ) be a cycle of a 1, κ-regular digraph. Assume that it is not a directed cycle. Then there exist edges from s k−1 to s k and from s k+1 to s k for some k ∈ {0, . . . , n − 1}, a contradiction. and one of them has edges from s i to s i+1 for all i with 0 ≤ i ≤ n − 1. As these cycles are not the same, it follows that there exist i and j with i = j and i = j − 1 such that in the second cycle there is an edge from s i to s j . Hence the vertex s j has indegree at least two, a contradiction. We may assume that the sets of vertices of our cycles are not equal. Let s be a vertex of the first cycle, but not of the second. Let t be a vertex of the second cycle.
Suppose that a vertex v belongs to both cycles. Then by Lemma 3.7, there are directed paths from s and t to v. For each vertex of any cycle we have an edge to this vertex from another vertex of this cycle or, if the cycle has length 1, from the same vertex. Hence all vertices of a directed path to v must belong to both cycles. It follows that the vertices s, t belong to both cycles, a contradiction. Hence the two cycles are disjoint, and therefore any two cycles of the component are disjoint.
Now assume that any two directed cycles of our component are disjoint. The component is weakly connected, hence there is an undirected path
Choose the least k with 0 ≤ k < n such that v k is a vertex of the cycle containing s, and v k+1 is not a vertex of this cycle. Choose the greatest l, where k < l ≤ n such that v l is a vertex of a cycle containing t, and v l−1 is not a vertex of this cycle. There exist directed edges v k v k+1 and v l v l−1 . If k + 1 = l, then v k+1 is a vertex of the second cycle, and there exists an edge to this vertex from another vertex of this cycle or from the same vertex. It follows that v k+1 has indegree two, a contradiction. Hence k + 1 < l. Consider an undirected path (v k , . . . , v l ). Let i with k ≤ i < l − 1 be the greatest number such that there is a directed edge v i v i+1 . Then v i+1 has indegree two, a contradiction again.
It follows that there is at most one cycle in each weakly connected component and it is a directed cycle. Let (S, E) be a non-empty permutational fibered automaton. Let e ∈ E be the unique elementary event. For s ∈ S and n ∈ Z + , define the mapping δ −n as follows sδ −n := se n .
Corollary 4.4. Let s and t be states of a permutational fibered automaton (S, E). The following conditions are equivalent:
The vertices s and t are in one weakly connected component of the graph of (S, E). 
and s i ε = e. Figure 5 illustrates the fibered automaton with the graph C 8 as its graph. Example 4.7. In Figure 6 we present the fibered automata with the graphs C 2 and C 1 as their graphs. Example 4.8. In Figure 7 we present the fibered automaton with graph C ∞ . Lemma 4.9. Let (S, E) be a fibered automaton. If |E| = κ > 1, then its graph is 1, κ-regular. Moreover, the weakly connected components of the corresponding digraph are κ-ary trees, or κ-ary parks. The algebra (S, E, µ, δ, ε) is a fibered automaton, and has the binary park with girth 1 as its graph. The fibered automaton (S, E, µ, δ, ε) computes the binary representation. See Figure 8 . Theorem 4.12. Let (S, E) be a fibered automaton. Then (S, E) ∈ P 0 if and only if its graph is a disjoint union of directed cycles and directed chains.
P r o o f. (⇒)
The set E has exactly one element. Hence by Theorem 4.5, all weakly connected components of its graph are directed cycles or directed chains.
(⇐) If the graph of (S, E) is a disjoint union of directed cycles and directed chains, then it is 1, 1-regular. As all vertices have outdegree 1, it follows that the event set of this fibered automaton has 1 element. Hence (S, E) is a permutational fibered automaton. 2 Theorem 4.13. Let (S, E) be a fibered automaton. Then (S, E) ∈ A 0 n if and only if its graph is a disjoint union of directed cycles of length dividing n.
n . As A 0 n ⊆ P 0 , it follows by Theorem 4.12 that its graph is a disjoint union of directed cycles and directed chains. Assume that in the graph of (S, E) there is a directed cycle of length m and m ∤ n. Let s be a vertex of this cycle. Then sδ n = s and n = am + r for some naturals a, r and 0 < r < m. Also s = sδ n = sδ am+r = sδ r .
Hence s is a vertex of the directed cycle (s = sδ r , sδ r−1 , . . . , sδ, s) of length r < m, a contradiction. Now assume that the graph of (S, E) has a directed chain as a weakly connected component. Let s be a vertex of this chain. As sδ n = s, it follows that (s = sδ n , sδ r−1 , . . . , sδ, s)
is a cycle contained in this component, a contradiction.
(⇐) Assume that the graph of (S, E) is a disjoint union of directed cycles of length dividing n. Let s be a vertex of a cycle of length k and ka = n for some a ∈ Z + . Then s = sδ k = sδ ka = sδ n .
Hence for all s ∈ S, sδ n = s. The event set has exactly one element, hence the identity a = b is satisfied. 2 Problem 4.14. Each 1,κ-regular graph is the graph of a fibered automaton, and such an automaton can be considered as an algebra. The automaton is uniquely determined if and only if κ = 1. Is there a similar algebraization for ν, κ-regular digraphs in the case ν = 1?
